St Aloysius’ College

Year 12 Mid-Year Examinations

2008

EXTENSION 2 MATHEMATICS

(Additional paper)

Total marks - 80

Reading time - 5 minutes
Working time — 2 hours

Examination papers must NOT be removed
from the examination room.

General Instructions

e Start each question in a new booklet
e Board approved calculators may be used
¢ Marks may be deducted for careless or
. badly arranged work
e Show all necessary work

SUPERVISOR’S INSTRUCTIONS:
Please issue five 4 page answer booklets.

Please collect the examination paper with the answer booklets.




Question 1 (16 marks)

2 2

(2) Let # be the hyperbola o ;}—2 =1

(i) Calculate the eccentricity of 7
(if) Find the coordinates of the foci and the directrices of %

- (iii) Find the equations of the asymptotes of #

2 2

(b) The point P(x,,,) lies on the ellipse % + y7 =1.

The tangent at P cuts the x axis at T', and has equatlon + 27 4

(i) Find the coordinates of T'.

(ii) Using the focus-directrix definition, or othermse show that

i) = 5 where S and S’ are the foci of the ellipse.

PS8’

(c) (1) Write down the equation of the chord of contact from T'(x,,y,)

2 2

to the ellipse ——+2—=1.
16 4

(ii) Can the chord of contact ever be a diameter?
(d) (1) Let x be a fixed number satisfying 0 <x<1. Use the method of
mathematical induction to prove that
(=x) >1-nx for n=23..

(i) Deduce that

[l—i] >% for n=273,..
3n 3



Question 2 (16 marks) START A NEW BOOKLET

(a) (i) Express —1—i+/3 in modulus-argument form. 2
(ii) Hence evaluate (—1 —i~/3 )’ in the form a +ib | 2
(b)  Sketch the region where the inequalities | 3

lz—4—1<5 and |z+2/<|z— 2| both hold.

(¢) Let zl=fr;_—3i and z2=84{;5i so that |zl|=|zz|=1

(1) Find zz, and Zzz, inthe form a+ib 2

(i1) Hence find two distinct ways of writing 85° as the sum x* + y°, 2
where x and y are positive integers.

(d)
Alm
C
B
A
Re
O Ll
D

Let = cis% and the points A, B, C and D correspond to the complex
numbers «, 3,y and o repectively. AOAB and AOCD are equilateral.
(1) Explain why & =y 2
(i1) Find the complex number ¢ in terms of £ ‘ 1

(iii) Using complex numbers, show that the lengths AC and BD are equal. 2



Question 3 (/6 marks) START A NEW BOOKLET

The function y = f(x) is defined by the following graph.

'On separate diagrams, provide sketches of the following:

: __ L
i y= 0
G) y=r(x

(i) y=[f(x)

(iv) ¥ =f(x

V)  y=Inflx)
) y=/(nx)



Question 4 (16 marks) START ANEW BOOKLET

2 2

Y

(a) (1) - Derive the equation of the tangent to the ellipse z_" + x =1 at

the point P(acosd,bsinf).

2 2

Y

(i1)  Derive the equation of the tangent to the hyperbola % —-—=1

b2
at the point P(asec@,btan@).

(111} Show that the point of intersection of these tangents is (a,btan%).

(b)  Find in mod-arg form the values of z.which satisfy z° = %

(c) The sequence of numbers 1, 3, 7, '17, ... 1s defined by
=1 T,=3, T,=2T +T for nzl

n+l

5

Use mathematical induction to prove that 7, = %(1 ++/2 ) + %(1 —2 )' forn=>1

Question 5 (16 marks) START A NEW BOOKLET

2

(a)  Find real numbers a, b and c such that ———— = gx + b + —
2(x+1) x+1
x*—x
(b)  Consider the function y=
2(x+1)

(1)  Using part (a), or otherwise, write down the equations of the
oblique asymptote and the vertical asymptote.

(i)  Find the intersection of the asymptotes,
(111) Find the coordinates and the nature of any stationary points.

(iv)  Sketch the function taking care with the relative positions of
the critical features.

2
X —X

2(x+1)

(v) For what two values of & does the equation kx =

have one distinct solution only.

END OF EXAM
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